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By Irven llaiman 

SUMHAS.Y 



A method is developed for calculating the perform- 
ance of a dual— r 6t at ing p.r opeller from the section charac- 
teristics' of the Dlade elements. The method is applied 
to an eight-Dalde dtxal'-r o t at ing proj)eller a-nd the computed 
results are compared with low-speed v/ind— tunnel tests of 
the Same propeller in hoth- the tractor and the pusher 
positions. The computations are found to a^^ee v:ithin the 
experimental accuracy of the measurements. A detailed 
step— oy— step procedure for the computa.t ions is g:iven in an 
append.! X. 

IHTRODUGTIOIT 



The v;ork of Betz, Pxandtl, Goldstein, and Lock has 
advanced propeller theory to the point at which perform- 
ance may oe calculated with considerahle confidence from 
section characteristics^ ¥ith the -introduction of dual- 
rotating propellers, an extension of the methods to this 
type was desirahle. An exact , p o t ent i.al—th eory solution 
corresponding to that of Goldstein has not as yet been oh— 
tained. Severa.l appr ozimat ions ^ hov/ever, covering sx^ecific 
phases of the problem have appeared. Loci: (refer-ence l) 
replaces the pulsat ing— velocity field by one" of a steady, 
a.vera.s- value. In this vray equations are obtained by 
v/hich the performance may be calculated. Collar (refer- 
ences 2 and 3) by cascade theory obtains some of the peri- 
odic effects . 

The equations of reference 1 are very len^^thy and 
cumbersome and. the cross interpolation required for the 
solution ma,kes the actual computation very tedious; for 
this reason several ax3pr ozimat i on s that provide a quicker 
solution at lower accuracy are given. In the present paper, 
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by a different method "based vipon the same assumptions 
used in reference 1, new eauations are obtained provid- 
ing a simpler and faster computation for the necessary 
degree of accuracy. 

In appendix A a complete outline of the method of 
computation for dual~r ot at .in^j propellers is f;iven. The 
procedure may "be followed v:ithout reference to the deri- 
vation t^^iven in tne text, and speciraen coiuput at i ons are 
incluiHed, The necessary calculations for the s:^ngle— 
r o t t i nf^ propeller may he easily performed hy the same 
ri: e t h od 

Throtighout the rest of this paper, , dual— r o t at ing 
propeller v.^ill he referred to as "dual propeller^ and 
s ingle—r 0 1 at in>' propeller as ^single propeller.*' 



SYMBOLS 



A^ aver.a-'-^e value of rotational inflov; f(':i.ctor of front 

/ tan \ 

V cot + to.n e 



r)T opeller 



B nui.iDcr of "blades per propeller 

c chord of proxoeller blade element 

/ D • \ 

C-n section drag coefficient ' ; 

Vl/2 pW^'c/ 

Cl section lift coefficient ( — — — ] 

\i/2 pw"c y 

Cx sectioa a3:ial— force coefficient > ' i 

Vi/2 p';^c ^ 

/ . Y ^ 

Cy cectiou tantcent ia.l— f oi'ce coefficient ( — ; 

^ Vi/2pw2cy 

Cp propeller riov.'cr coefficient f — i — 



o 



propeller torque coefficient [ ) 



Cjp propeller thrust coefficient 



D drag at blade element; except, propeller diameter in 
Cp, Cq, C;n, and J 

F correction factor for finite number of blades 
G coinput at ional ri^uantity (equation (2l)) 

^ Y 

0 aavance— aiamet er ratio ' 

\ HDy 

K G-oldstein circulation function 
L lift at blade element 

n rotational speed of Dropeller ( r ev olut i on r. /iin i t time) 

F pcv/er of propeller ( 2nnQ,) 

Q, torque of propeller 

r radius to propeller blade element 

H radius to t ip of pr opeller 

T thrust of propeller 

u average induced axial velocity at one propeller due 
t o other pr op ell er 

V a,vcrai:;e induced tangential velocity at one propeller 

duo to other propeller 

V advance velocity of propeller 

s elf— induced velocity at pr opeller 
W res-alt ant velocity of pr opeller 

/ r ''^ 

X ii'T 0;; or t i onal radius of blade element . 
X £i:cial force at blade element 



Y tan^r^sntial force a" olade element 
a B:cigle of attack 

0- -pr eller "blade angle at C.75x^. 

Y dra^-lift ar\-^lo (tar; 'Y - / 

/ \ 

e n 11 d V c e d i n c r o a s e in a ri g 1 e of i r. 1 1 o v/ -^t a e = / 

pr op ell or rr- ect i on off i c i en 



p r 0 ; ; e 1 ]. e r 1: i a d o .j. n g 1 e a t r a d i li s r 
deMsitv of air 



T - Be \ 

soj.ic.io./ v-er propeller : 



CO anrlo of rcsnltant velocity II to jjlane of rotation 
9.^^ advance angle of Dlade element (^tan cp = r^'T/ 



cp^ * effective advance :.-:'w^;le oi blade eloi-:ont due to in- 
duced velocity of other pr opell er ( cqLiat ion ( 12 ) ) 

Q anjrxlnr velocity o-^ propeller ( 27rn ) 

iv ratio of angular velocities of front to rear pro— 

poller 

5u*br^ or ip"c n r 
3. front propeller 
s rear p r o p e 1 1 e i- 
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THEOEETICAL COITS IDEHA-T lOITS 
As surnpt ions 



The theory'- of propeller operation has i^een developed 
^ from several assumptions that nay ^-ell he summarized here. 

The lunlauental s iiapl if y ing assumption of all propeller 
strip— theory calculations is that the operation at any 
radial element is independent of that at any other element. 
Goldstein (reference 4) obtained the exact frictionless 
solution for the li^-htly loaded propeller vrith a finite 
numoer of hlades and minimum energy loss. Ee introduced 
a nondimensional quantity K specifying the distribution 
of circulation. Because of the finite nuinher of l)lades , 
the velocity distrihution at any radius is not uniform. 
The correct value of the induced velocity to he used in 
determining the lift relationship is the value at the 
hlade, that is, the value on the vortex sheet. This re- 
lationship hetv-een the lift coefficient and the induced 



velocity is given by 



4r sin cp tan € ( i ) 



•~ — and tane = , :p is the pitch 



COG '^CP 



an^^le of the vortex sheet, v; is the induced velocity 
normal to the vortex sheet, and ¥ is the resultant 
velocity of the "blade element along the sheet. Strictly 
speaking, ^ {k in the notation of reference l) is a-p- 
plicahle only to lightly loaded proioellers v/ith a distri— 
hution of circulation ;5iving minimum energ.y loss. Because 
a perfectly general solution to this problem is lackin.-, 
the follo\vin^' assumption is made: The factor 7 may he 
applied as a first approximation for nonoptimum distribu- 
tions and heavy loadin^a. Equation (l) represents a fur— 
tner assumprbion: The frictional losses have negligible 
effect upon the induced losses, appearing merely as modi- 
fications in the v/ahe in the immediate neighborhood of the 
vortex sheets. 

In the dual propeller, each propeller orierates in the 
nonuniform velocity field of the other propeller, resulting 
in an oscillation in the angle of attacl: and in the magni-"^ 
tude of the velocity. Lock makes the following assumptions: 
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(1) The oscillating incL-acecl—velocity field, may "be 

replr.ced Dy a uniform field; the value for v/hich is equal 
to tlie aecin value of the oscillating field. 

(2) The Liean value of the induced velocity is taken 
to "bo 1' ti-aoG the value induced at the vorte:: sheet „ 

(o) 3ecauGe a «v-eneral solution for the dual propeller 

is lachin:,:, the s elf —induced velocities are determined in 

the Ecrae v;ay as for a. sln£;le propoller; that is, the value 
of F iz t h a t for s i n 1 e propellers, 

(4-) The prop3llors are ansumed to he sufficiently 
close t:;r:ethor that chan^;\;es in axial velocity oetv/een 
then are n e^l i{-;i'bl a , 

StateiMont of Propeller Proolen in G-eneral ITorm 

Q?ho proolen: of pr op o 1 1 er— p or f orman ce couputation re- 
solves into det erininin?-: the lift and the dra^?^ on a pro- 
peller V/ith a ^:iven nuniher of Llades , certain airfoil 
sections, solidity, and hlade— angle setting at a known 
value of the advancc—dianiet er ratio. The correct resolu- 
tion of the lift and the dr<a/^ into thrust and torque re- 
quires that the direction of the inflow velocities, or 
the pitch an^le of the vortex sheet cp, he known. I'he 
lift coefficient is a iLincuion of the an/;;:lc of attack co, 
which i?5 equal to 9 — 9; that is, 

Ot = i:(8 9) (3) 

She loading; of the propeller is a function of the pitch 
and of the nia.^'nitudo of the induced velocities of the 
vorte:-: p.hoGt , as given by equation (l), 'For the single 
propeller, G = 9 — 9^, v;ith the result that 

crCj, = 45'; sin 9 tavn (9 — 9^) (C) 

If equations {2) and [c) are coinomed, the ^^reneral pro- 
peller equat ion may ther ef or e he vrr itt en 

I:( 6 — 9) - Gin 9 tan ( 9 9^) 
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or , sym"bolically , 



0 , cp, 9j^) H M( a - cp) -- ~ sin 9 tan (cp— cp^) = 



(4) 



The function ^ properly includes a and B 'is .addi- 
tional varialDles "but, "becauEe these quantities a.re usually 
fixed "by other considerations, they may here "be considered 
as included v:ith 9. 



If the propeller is vrorking not in free air "but in 
an air stream that has "been modified hy "body interference, 
hody \/'ake, or slipstre^isn of another propeller, the advance 
appropriate to these conditions must he used 

9c' 



angle cpo' 
instead of 



x'or the dual propeller j two such funct;icns eivist 



(5j 



v/here cp^-, and cp./., are functions of the sli'os bream 

effect 01 the other propeller. The s iinuitaneous solution 

of these tv70 equations is desired.. The procesr, of course, 

can "be i:^ener al ized to any numher of propellers oper.-iting 
in ser ies . 



The 4-; en oral propeller function $ is a fimcticn of 
three variables „ If any two of these variablos are se— 
lectedj the third may he found. In computing the perforin— 
ance of a given propeller, 9 (and o and 3) is given 
and the thrust and the torque are desired. The normal 
approach is to compute the thrust amd the torque for an 
arbitrarily selected value of the advance— diam et er ratio J. 
With 6 and cp^. selectod, cp is therefore determined 

from equation (4) and the lift, the thrust, and the torque 
follov/. Tor the dual propeller, two sets of values are 
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repaired, one for each propeller. 3y repeat in;]; the pro- 
cess for other values of J, the complete performance 
cvTve may oe obtained. This method was used in refer- 
ence 1. The eq_uations are lon^ and involved and the 
nccecB^-r^'- cross int erpolat ion makes the actual computa- 
ticn cuite tedious. 

An alternative nethod is presented 'by exaiii inat i on of 
eouation (4). If cf is selected arbitrarily instead of 
cp^, cp^ is very easily determined. An arbitrary value of 
--^^"''y t»G assumed and cp ruay "be determined ^tj vise of the 
lift curve, or vice versa The corresponding' value of J 
is then found. The complete performance curve for each 
station is constructed and the value at any desired value 
of J is thiiS obtained. This method requires consider- 
ably less conputational work than the preceding method, 
3y this SGcOiid method very little more computation is r o— 
qiiired for dual propellers than for single propellers, 
most of the additional v;ork is that nocessxry for comput- 
ing the additional coeif icier ts for the second propeller. 

ANALYSIS 
The Int erf er ence Velocit ies 



In accordance vfith the preceding assumptions the in- 
terference velocities may be e"pressed as follov;s: 

The velocity dia^i^^J^i ^or a propeller working in the 
field of another propeller is ^^^iven in figure 1. The 
self-induced velocity v; is perpendicular to the result- 
ant velocity v/hich makes an angle Cf- with the plane 
of rotation. This diagram is similar to the diagram for 
single propellers ezcept for the int r oduct j,on of the ad- 
ditional \relocities u and v, the effective values of 
the a::i<-:il and rotational interference velocities of the 
0 bher prop ellcr , 

TiiG additional axial velocity for each propeller due 
to the other is the aver .age value of that induced at the 
other propeller. The additional rotational velocity for 
the front propeller due to the rear propeller is nil; for 
the rear propeller due to tiae front propeller, the veloc- 
ity is twice the average value of the velocity induced at 
the I r 0 n t p r op e 1 1 er , Thu s 
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o 



^^y^ cos cp^ 

ib'^V/^ COS Cp^ 
0 



> 



v^, = 2x^v^ sin 05^ 



(5) 



In noiidimens ional forjn these velocities tecoine (see ap- 
pendix E) 



tan c 



'^2 1 + tan cp.^ tan € 



(7) 



-":f^ == A cot CD 
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(8) 



= 2A (9) 



v/her e 



A = A^CD (10) 

and 

_ tan , "^p 

Ai A 1 . 1/2 (11) 

cot cp, + tan vUj^ 

The factor A^ is thus seen to loe the moan value of the 
rotational inilcv/ factor of the front propeller (a* in 
momentum theory) . 

Als o 



Y ^x 

— ~ " - ) = tan cpo'j^ (12) 

1 
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+ V. 



= tan (cp. 



tan cp^V 



( 13) 



Solution for Dual Propellers 

I'he ^-enerai T}ropeller functions (eq_uations (5)) arc?- 
independent e:>:cept for the terms in S'^.q' . The solution 

therefore depends upon determining: the r e].at i on sh ip oe™ 
tweer 'p ^ . and cp^* ^. xhis solution :nay "be carried 

out m the f ollovrin^^ raanner . 

The nean axial flow through both propellers is the 
G am 0 ; t hu c , 

V u -i" u.. Y + u^ + U-, (14) 

iTow , 

rQ^ + =rQ^(l 2A)/co (15) 



Dividing; the loft^-hand memher of eciuation (14) "by 

rQj^(l + 2±) /qj and the right-hand mei;;ber by rO^ fcives 



1 ^- 2A I- V rO 
By eouations (7) to (IS), 



... P tan c 

tan o: ^ + A cot o ) = tan cp^^^ + ~ ~" (l^ 

+ 2A - ^ ^ ^ 1 tan cp.^ tan 



Hov/ , 



Y -i- u^ Y U;,/. 1 + 2A) 
oan ^ - — — = ' + ^l^~~v'^T 



1 + 2A tan e 

= tan cp + = \l-7/ 

tu 1 + tan cp tan € p 
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Si37\ilarly , 

tan cp^ + A cot cp 

tan cp^^' = 1^ ~ 11 (18) 

o ^ 1 + PA 



I 

v-1 



AIgo , 



u) tan cp^^ = tan cp^^ (19) 



Equations (15) tc (IS), v/ith the following- identity, per- 
mit the solution of the cUial-propeller prohlen in several 
v/ays; 

t..n cp^t =: tan ( cp e ) = -i^Ii^5£^-Z^^M-l^ (20) 

1 + tan cp tan € 

If tan iG eliminated in equations (l?) and (18) 

iDy use of equation (20), tv;o equations .are obtained that 
may oe solved for . and c in terms of cd , cp , 

cp , and cp . This method v;as used in reference 1 al— 

thouQh the solution' there does not involve the same trigo- 
nometric functions. As nay "be seen by inspection, v/ith 

o.nd cp^^ specified, values of cp^ and cp^ nust be 
assumed; the corresponding values of and com- 

puted; Ct.^ plotted against cp^ for several fixed values of 

^l^,o plotted similariy; by cross interpolation, the 
values of cp^^ and cp^ that satisfy the i^-iven 9 and 
9^^. may be found. A niiniinurri of four points ^nvist be com- 
putet, to perform this cross interpolation, 

• If the alternative nethod of the preceding section 
is adopted, however, a value of Ct^ ■ is selected. and cp^ 

and c im::iediately fclloK, The left-hand member of 
equation (16) is a function on-ly of 9^ and and may 

be designated G. 

tiutan(cp — e) + Acotco 
G i 1 li^ (21) 

1 + 2A 
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By use of equation (20), equation (16) ma^^ "be solved for 
t an c 2 . 

tan cp - G- 

tan € , — ( 22) 

1-r^+Gtantp^ 

The correct value of cpp will give an and a Cj,^ 

that satirrfy the blade setting G . This, value may be 
determined gra:phically by comrju t at i ons for two values of. cp^. 
With the correct value, the advance a.n^'les cp^. and a? 
follow iroLi equations (18) a.nd (19): 



uj tan CD = tan = ( 1. +. 2A) tan (cp^, — " cot cp (23) 



Eirpressions for Differential Thrust, Differential 

Torque, and Efficiency 

The. f orce .di.agran for the prcpeller blade eleiaent 
is £;:ivon in fi^mre 2. The differential th.r-ast and the 
differential torque' cire- fiven' by 

dT 3X dr 

dQ BY rdr 

where B is the n^iir.ber of blades and 

X ■ ~* L cos 9 — D sin cp 

Y I4 s in . cp + D c 0 s 9 

The differential thrust and the differential torqtie may be 
expressed in nondiinens i onal form in a .f:reat nan^- v/ays , 
The f ollowin£,\ equat ions (0;ive these coefficients in terras of 
the sa-jie tr i^^onoraetr i c functions previously tised. The ■ 
developinent of these expressions ::iay be found in appendix B. 

^Ct, ^ F tan (cot cp ^ tan V ) 

= rr — V 1:^4 a) 



a:: 



(cot cp -r tan e ) ' 
^1 1 
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<iC]?^ Pjj tan (cot cp, - tan V^) 

£=.„3x3 2 . 1' (24^0) 

^" [(cot 9^ + tan c- ) /( 1 + 2 A)] ^ 



o and 



dC 



_ TT^x^ tan (1 + cot tp^ tan Y^) 



d:: 2 ( cot cp + tan € )' 



( 25a) 



s 2 "[("cot cp + tan €,T/(l + 2aTT^ 



( 251)) 



Iij iG i-eadil7 seen that = — cot (q? + Y) — ^ 

The section efficiency for each propeller is given iDy 

Qdq 2rr dCq/d:-: 
= — - cot (cp + Y) 

7T2C 

tan cp^ cot ( 9 + Y) 

Speci?-1 Case — Equal Rotational Speed and 
Squal Torque at Each Section 

Eq ual rota tiona l s r^eed ,— At equal rotational speed 
Q Q and u) = 1, Also tan cp = tan = tan cp 

'01. 'OS 

S,oual torque Equal torqtie at the propeller Talades" 
implies sere average an{-^ular n on on tun?, in the v;ake; that 
is, the aver^ige angular velocity produced ^oy each pro- 
peller is equal and opposite. This eq\7.ality of velocity 
may oe expressed by 
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P^Wi sin cp^ = ^s^'^s 9s 

Dividing ooth terms loy and ax:plying the relation- 

ships ox equations (?), (8), , (H), and U-S) gives 



tan e^^ t an c ( 1 -i- 2A ) 



;ot cp^ + tan €^ cot cp^^^ ^ ^^"^ ^ ;ii 



Setting dCq /d:-: - dCq^/dx in eauations (25) and using 

equation (26) gives as the necessary condition for equal 
torque, when frictional effects are neglected (7 ^ O): 

l\ tan = tan (27) 

Prora the lift relationship of equation (l), the condition 
for equal torque is 



CL^/sin v\ Ci^^/sin cp.^ 
From equations (26) and (27), 

cot c£5 + tan c = (cot cp + tan e )(l + 2A) 

= cot cp^ ( 1 + 21^) tan t* ^ 

Then 

tan = cot cp^ + ( 1 2i\) tan - cot cp^ 
and, from equation (27), 

F ^ t an G ^ 
cp^ + ( 1 -I- 21-3^) tan c i - cot cp-^^ 



(28) 



(29) 



cot 



With cp and e detorrainod, a valiie of cp may 
selected and '-'^^y ^® calculated "by equation (29), 
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This value is compared with the, value of T ^ correspond- 
ing to cpjg on the F-chart. (See fig. 14 or ,1.5.) ITew 
values of 9^ are selected and bther values of are 

calculated until agreement is reached. In practice this 
method is found to "be verjr rapidly convergent.. 

Diffe rence in olad.e — an gl e s ettings for eq^ual torq-ge . — 
The correct difference in *blade--angle setting is the dif- 
ference that gives an. equal integrated torq_uo for "both 
propellers* llo general,- solut ion can he given fpr this 
hlade— angle difference oecause the problem is complicated 
by the distribution of load and solidity. A fev/ conclu- 
sions may be drawn, however,' for the dif for ent ial torque 
at the blade elements with the. a id of figure 1 and equa- 
tion (23). Tor the front propeller, v = 0 and there-, 
fore cp > cp . By equation (28), . Ql . ^ and thus 

> and 9^ ^.^s* ■ equal tor q^ue, therefore, 8 ^ 

must be less than S^^ at each radius. If 9.-, is not 

correctly set, however f the torque on the rear element 

may be greater or less than on the-front. (See figs. 5 
and 6 , ) ' 

APPLICATION OF METHOD TO SIGHT-BLADE DUAL PROPELLER. 

The foregoing method has. been applied to the calcula"- 
tion of the performance of an eight— blade 'dual propeller 
with Hamilton Standard 5155— 6 and 3155—6- blades. A de- 
scription of this propeller and r esult s. of v/ind— tunnel 
tost?5 are- given in roferonces 5 and 6.: The lift and the 
lift— drag curves are c'i:iven 'in' figures 3 and 4, respectively. 
The. section characteristics for x = 0.6, 0.7, 0.8, 0.,9, 
and 0.95 were talteh from figure 10 of reference 7 for the 
appropriate thicknesses. At x = *0.2, . the section is 
almost circular; it vas, therefore, assumed t'6 be operat- 
ing at zero lift and a constant Ct) of 0.4. At x = 0.3, 
the section is almost symmetrical and quite thick. This 
section was arbitrarily given a Ct) of 0.05 and a slope 
of lift curve of 0.045 per degree with zero lift at a = 0. 
The characteristics for x = 0.2 and 0.3 are quite rough 
appr Ojcimat ions but should be satisfactory inasmuch as the 
contributions of these elenents are.s2?iall. 

The determination of the characteristics for- the sec- 
tion at X " 0.45 v;as somewhat more involved. It was first 
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necessary to reconstruct tKe prof ile from the drawings. 
This section was found to have double canber, v/ith a riean 
camlDer of 3»8 percent and a thickness of 16c6 percent • 
By an unpublisned method for determining the characteris- 
tics of a family of airfoils cased upon a given thickness 
and Cc?vrriher d i s r i "but i on , an example for the Clark I air- 
foils was prepared* From this example the section at 
X = 0p45 v/as found to have an. angle of zero lift of 
-3oO^ and a slope of lift curve of 0.094 per degree. 
The lift-drag ratios were taken to he the same as those 
for the 16 .6— per cent-thick Clark Y airfoil of figure 10 
of reference 7. This , choice is not quit e corr ect , "but • 
the error thus introduced into the ca.lculat ions is very 
small.' The values of " i\ used v;ere those for the four— 
h lade propeller See fig. • 15. ) 

The ' dif f or ent ial— t orc^ue curv es for the front and 
r ear _ pr op oil er s at ■:<: = 0.7, 5 - 46.6 , and' 9 ^ 
45»6^ ,?are given in figure d,- This conditioji corresponds- 
to a blade-angle ..sett ing .01 45^ and 44^ at 0c75 radius.. 
Similar curves vrere constructed for the other radii and 
also for the differential thrust. iE'igures 5 and 7 give 
the dif for ent ial— thrust and the dif f er ent ial— t orque dis- 
tribution , respect iv cly, for the same blade setting at 
J = 2.15, corresponding to eq^ual torque. Similar distri- 
butions v/ero determined for other valvtos of advance- 
diameter ratio and of blade angle. The calculated indi- 
vidual thrtist and individual power curves are, given in 
figures 8 and 9, respectively, for the 30^, 45^, and 60^ . 
settin-^s .of the f r ont . pr opeller v/ith • the., same values of ■ 
the rear propeller i.\s ed in references 5 and 6^ . Compari- 
sons, between the calculated and the observed pov;er coef- 
ficients for the front and for the rear propellers are 
provided in figures 10 and 11^ r e sp e ct ively « Figures 12 
and 13 provide similar comparisons for the total thrust . 
and. the total pov/er coefficients. The extent of the cal- 
culated curves is limited by the fact that calculations 
were, carried out only .as far as . Cl - 0*8 . for the front 

propeller. . 

" Exam inat i on ■ of these figures indicates a quite good 
agreement between the calculated and the observed ' cur ves , 
especially for the. pov/er coefficient icr the rea.r propel- 
ler.. The pov;er of the front propeller does not show so 
good an agreement -* the reason is not at present apparent. 
The • indiv idual , thrust curves v/ero not obtainev- experi- 
mentally and cotild not, therefore, be compared. The total 
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thrust seems to. agree quite well : tut shows the same dis- 
crepancies as the total power curves. Further calcula- 
tions of this type for hoth dual' and single propellers ' 
would he highly desirable. , . " , 

O - .•'*-■•. ^ 

>^ COnOLUDIlIG fiEMAHKS ^ " 

A method has heen developed herein for calculating 
the performance of a dual-^rotating propeller from the 
section characteristics of the hlade elements. Computa- 
tions for an eight— olade propeller are compared v/ith the 
results of low— speed wind— tunnel tests of .this propell.er 
in hoth the tractor and the jjus'her positions. The com- 
putations agree within the experimental accuracy of the 
measurements. . ' ' " 



Langley liomorial Aeronautical Lahora^tory, 

xTational Advisory Committee for .Aeronaut i cs , 
langley ]?ield, Ya. , 



APEExTDIX A 
IIETHOD OF COilPUTATIOlT 

5he complete performance of a dual propeller for any 
particular radius may he calculated on three \fork sheets, 
samples of which are included. ( See . computat ion -forms .0 
Shoot. .1 is us od 't 0 dot ermine the lii t coef f i ci ent s ^ the 
inflow an,5:ies, and the . advanco- diamet er ratio for the two 
propellers. Sheet 2 is -a trial sheet necessary in deter- 
mining the lift coefficient on the. "rear prop.eller. ..Sheet 3 
pr ovides the com.putation of the diff er ent lal— thrust and 
the dif f or ent ial— t-.or que :C0 ef f i ci en-t s for hoth propellers. 

Sheet^l.— Per a^ny pa'fticular radius z, the solidity 
a and the ' olade ■angl es Q \^ and 6^ are specified. 

Arhitrar:'" values of ' Gj,^ at intervals of 0.1, for example, 

are selected and the angle of attack is determined 

from the lift curve (infinite aspect ratio). Host entries 
are self— evident ; the others are ohtained as follows: 
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cp^ = 0^' — cr.n • . The value of 7^ is determined from charts 
for the appropriate values of x and cp^ « Values of "P. 

are given in figures 14 and 15 for three— and four-blade ' ■ 
propellerSj respectively. Similar charts for two— and 
six-blade propellers may be found in reference 7, The 
original data for these, charts v/ere obtained from refer- 
ence 8. Then, from equation (1), 

..1 4P 3 

t an = 

s in cp^ ■ - . , ■ ' 

from equations (. lO) and (ll), 

ojP t an € . 

A = i ± 

cot . 9^ + t an e ^ 

v'xnd, by equation (31)5 

(ju tan (cp^ — € ) -f A cot cp^ 

G- — : ■ * 

1 -H SA 

Sheet 1 is left temporarily and sheet 2 used^ 

^ 2 — It is nov; necessary to determine the value 

of tCl^, at v/hich the rear propeller operates- when the 

front propeller • operat es at the assumed value of ^L^^* 

This -Value may .be most conveniently determined by assuming 
two values of 9^ — cp^ aiid detcrmj.ning the corresponding 

values of C^^,' plotting them directly on the chart of 

Ct against a and determining the intersection of the 

lift curve with the line connecting these tv;o points. The 
function Ctj^_^ against 9^ — 9-. is really a curve bvit , 

if the points are taken close together, the straight line 
is sufficiently accurate. 



19 

i-he sheet starts v/ith the assumed value of — 9^^; 

9a ~ ^ 2 ( ^ 3 9s ) ? ohtained from the chart 

for the appropriate radius and cp; "by eqUv^tion (22), 

tan - G 
1 - I'g + & tan cp^. 



s in -.0^ tan € 
a / .... 

2 provielos spc.oe for the second 
coiaputatiou at arobhor value of 9^ — cp^, 

[The intersection detersiines a value of 0^,., and 
a.^ - — ivuese values are used in the return to 

s h est 1 o 

Shejst_l_(^cant ir^^^ Compcit at i ons similar to the 

first pa.rt of sheet 1 a,r e repeated for the rear T)ropoller 
as far as e^. -he additional indicated tabulations y,re 

entered v;ith the valuie calo"alated "by equation (23) as 
tan cp^jg = (1 -f- 2A) tan ( 9;^ ^ ^ ^ 9i 
J - TTX tan 

3.h^^_t_3^— All th e ini orrnat ion r equ ir ed t 0 coinput e 

the differential thrust r-.nd the differential torque is now 
a.t ha,nd* These computations are performed as indicated* 
The lift coefficient and several other entries have "been 
repeated for convenience From the L/D cixrves , 

tan Cs/Cl 



tan Cp = 
and J from equation (l). 

The lower l^li of sheet 



by equation (25a), 



^""^i ^ n^xH\ tan (l + cot cp^ tan ) 

^ ( cot cp, + tan - e ) ^ 

■i- 1 

?ind, Dy enuation (24a), 



^ tan (cot -3, _ tan J. ) 

(cot 9 J 4- tan € )^ 



She coefficisatG for the rear propeller arc simi- 
larly determined fron eq[r.atioii (35*b) as 

^Cq^^ TT^ic'^F tan f.^ (1-1- cot C(?^ tan Y,) 

^ [(cot cp^ 4- tan ^:.j7(i 3A)]^ 

and, from ecLuation (24b), as 



dO^^ ^ tan (cot 9^ tan Y.) 

- tt'x^p^ ~ 

[(cot cpg 'h tan e..)/(l + 2A)] 



When these conputations hr.ve "been completed, the 
dif i^'or ent ial thrust and the differential torque may be 
plotted as a function of J for each radius," then cross 
plotted as a function of radius for a givon J and in- 
tegrated (figs, 5 to 7). 

^ ~ ^» tan e = 0, tan 'V = c» 

and Ofiuations (24) and (35) reduce to 
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Por the front propeller, A S 0; for the rear propeller, 
A = 0 only if Cl^ =0. 

She condition for eq^tial torque is given as 
Cl /sin 9, = CL_,/sin cp^ 

or 

f t an ^ 1 = ;2 t an e ^ 

With and determined from sheet 1 for a given 

tlade—angle setting 0^, the "blade angle 6^ required 
for equal torque may "oe found in the . f ollov;ing r:anner; 

P , t an € 

■n „ •*• J- 

i „ ■— 

t an e 

\vher e 

tan = cot + (l + 2ii\ ) tan — cot c?._, 

A value of cp is assumed and calculated, 'Jhis 

' s *=- 

calculated value is compared with that ohtained from the 
5"- chart for the given values of cp, and Succes- 

sive values are assumed until agrcemexat is reached. In 
pra,ctice the process is found to "oe rapidly convergent. 

ITith Dcth and determined, values of Cl i 

cc^ s and 9^ immediately lollov;. 
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APPExIDIX B 

DEHIYATIOIT 05^ EXPRESS lOiTS FOR lilTSHFEEEJTCE VELOCITIES 
AID D irrEEEHT lAL THHUST AIID DIIPEESN2IAL TOSi^UE 
Interference Velocities 



vr w cos cp 

tan ^ 77 — 

rfi + V — w s in cp 



Now 



V + u + V/ c 0 s cp 
tan cp = : 

rQ + v — wsincp. 



= coc cp^ ( e ) 



end 

P r t an e . 



E^¥^, COS CD..^ 



- W3 sin (f„ 



rQ^ + — sir. cp^, + v/g coa (p„ tan cp^. 



^^3 ^2 + ve - sin cp. 



(1 + tan cpg tan s:^) 



Thus , 
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Similarly , 



o 



I, tan c. 



xQ^ 1 t an 9-^ 



t an e . 



tan cot cp^ 
cot cp2_ ^1 



A* cot 



And . 



^ ^ cot CO, 



A c o D 3_ 



(8) 



Also , 



•Tn or ex or e 



V " 2? w s i n CP 



= 2? V/ „ cos CP t an 9 
11 'X 



= 2u^ tan cp^ 



(9) 



pifferential Thru^iit and Differential Torque 

The differential thrust and the differential torque 
are &:iYen as 



dT = 3X dr 



2A 



v/her e 



dq = 151' rdr 



X = JU cos (p — D s in cp 



or, in the usual cooi^ficient form, 

^J: " '^I, "^"^^ ? 3 in cp 

= sin cp (cct 9 - tan 'V) 
Gy = 0^ uln 9 cot cp tan •y) 

tan 7 = Ct,/C«l 

In'terin? of olis usual nond iraeuG i ona3. co ef f i o i eri t c , the di: 
ferential thrust and tne differential toraue oecoii:e 



— ' — —7: — a C V 

dz 4 r-'Q^- 



dC^ 



r~r crCy 



dx 8 r'^Q' 

\;rhere c; is the solidity at the radius r, 

5?h3 oxprsGsion fcr VJ" io obtained ac 

= ( V -f - u + V/ cos cp ) CSC q> 

T + u + vr c 0 s CO 
- r^^ ^ ^ CSC 

rQ 
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o 



How 

vO -i- V rQ + Y — w sin cp + V/ sin cp 
. 1- . -L =r cot cp + tan e 

V + UH-Vfcoscp V + u+ wcoscp 

.For the front propeller, 

rQ + V = rQ^ 

For the rear propeller 

rQ + V = rQj^ ^2 " r^^Cl'^- 2A) 

Therefore , 

^ C3C cp-, 

= rQ^ — ^ ' 



¥3 =. rQ^ 



cot cp^ + tan €^ 
ozo 9„ (1 + 2A) 



cot cp^ + tan 
Also 

aCL = 4? sin cp tan € 

The differential thrust and the differential torque are 
then obtained as 

^Cj ^ p tan € (cot cp ~ tan V) ^ 

[( cot cp -i^ tan t )/( 1 + 2A)] ,^ 



^^Cq n^x^ F t.an € (l + cot cp tan Y) 
2 [(cot 9 + tan e ) /( 1 + 2A)] ^ 



(25) 



v/ith A = 0 



foi* the front propeller-, 
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figure 1.- Yelocitj'' diagrfOB for propeller blade eleiiient. 



Fig. 2 




.?i^^are 2*- Force dia.o;ram for propeller blade element . 
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Figitre 5.- Individual dif f erer tial-torqne c^orves for eighi>-^olade d-u£.l 



rotating propeller, x = 0.7: 9 = 4*3.6'^: = 45,6° 
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Figure 15,- Values of f for four-tlade propeller. (Taren frcin reference 7.) 



